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Abstract

The cosmological-constant problem is usually framed as a sum of absolute vacuum energies.
On compact conformally flat S4, however, the vacuum functional is degenerate with the cosmo-
logical counterterm. We prove that after finite local counterterms are quotiented out, the type-A
Euler anomaly coefficient is the unique nonvanishing scheme-independent datum in the local lin-
ear constant-Weyl response. For the minimal Standard Model, aSM = 1991/720 = 2.76528. Its
ordinary metric variation gives an H4 stress and no small-curvature branch.

The compact channel is defined by a normalised matrix element between two equatorial cap
states. This separates the fixed gravitational saddle from an external Weyl source. The round-
S4 action supplies e−24π2

. Under the two-part matching hypothesis of endpoint conjugacy and
reflection-even readout, the insertion lies on the unique fixed plane h2

∗ = mpMP, and the one-cap
curvature-charge response gives h2

∗/M
2
P = mp/MP.

With the proposed four-form completion, and on the late-time branch where the regulated
non-vacuum trace average vanishes, the compact charge becomes the residual cosmological cur-
vature:

Λ∞

M2
P

= qWZ = aSM
mp

MP
e−24π2

= 2.856× 10−122.

The Planck 2018 flat-ΛCDM inference is (2.846 ± 0.057) × 10−122; the central values differ by
0.4% (0.18σ). No parameter is fitted to the cosmological value. The completion also cancels
constant shifts of the matter Lagrangian and predicts a spacetime-constant source with w = −1.

Keywords: cosmological constant, compact S4, conformal anomaly, de Sitter saddle, semiclassical
gravity, QCD dimensional transmutation, scale selection

1 Introduction

The discovery of late-time acceleration came from Type Ia supernovae [1, 2]. The observed dark-
energy density, written as an equivalent cosmological-constant density ρΛ/M

4
P = (Λ/M2

P)/(8π) ≈
1.1×10−123, is smaller than the Planck density by roughly 120 orders of magnitude, and smaller than
the electroweak scale to the fourth power by roughly 55 [3, 5, 6, 7, 8]. Standard treatments sum zero-
point energies and ask why the total nearly cancels. Anthropic and landscape approaches [9, 10, 11]
replace prediction with environmental selection across ∼10500 vacua. On compact Euclidean back-
grounds, this question requires reformulation. The ambiguity is not created by compactness: even
in flat space the absolute vacuum-energy density is not a scheme-independent observable. On round
S4 without boundary the situation is sharper still, because the vacuum-energy functional and the
cosmological-counterterm functional are the same local operator

∫√
g d4x (Sec. 3). The conclusion
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that the zero-point sum simply renormalises the bare cosmological constant has been drawn explic-
itly by Bianchi and Rovelli [18] and by Hollands and Wald [19] in the semiclassical gravity context.
Recent work has sharpened adjacent aspects of the same problem, including UV/IR constraints on
QFT state counting, effective-gravity analyses involving the Standard Model, and global-constraint
or unimodular reformulations [78, 79, 83]. Before one can ask whether the Standard Model pre-
dicts Λ, one must identify what compact-S4 datum is actually protected against renormalisation
ambiguity.

We first show that, among local linear constant-Weyl responses of the renormalised effective
action satisfying counterterm invariance (C1) and conformal-flatness universality (C2), the type-
A conformal anomaly coefficient is the unique nonvanishing scheme-independent compact matter
datum on conformally flat S4. This result requires no de Sitter contour choice and no scale selection;
it is a theorem about the compact representative itself. Evaluated for the Standard Model, the
extracted datum is aSM = 1991/720 = 2.76528.

Physical logic of the construction. The counterterm quotient leaves the Euler/Wess–Zumino
coefficient as the protected compact matter datum. Because its local metric variation has the wrong
H4 scaling, the cosmological application also needs an infrared scale and an equation for the scalar
curvature mode. QCD supplies the stable infrared endpoint, the selected round-S4 saddle supplies
the exponential weight, and a paired-cap Weyl response supplies the hierarchy factor. A separate
four-form action maps the resulting dimensionless charge to residual curvature.

The compact calculation gives
qWZ = aSM

mp

MP
e−24π2

,

while the global-source equation gives Λ/M2
P = qWZ on a maximally symmetric vacuum. On the

late-time branch this identification additionally requires the regulated non-vacuum trace average to
vanish. The same global-source equation predicts w = −1 wherever its residual constant is identified
with dark energy. Together,

Λ∞
M2

P

= aSM
mp

MP
e−24π2

= 2.856× 10−122 . (1)

The Planck 2018 flat-ΛCDM-inferred value is (2.846±0.057)×10−122, a 0.4% central-value difference.
The hierarchy separates into the 103 decades of compact-saddle suppression and the 19 decades of
the QCD-to-Planck ratio, multiplied by the rational Standard Model Euler residue.

The compact charge is conditional on the suppressed compact thimble, the exact Planck bound-
ary, the proton endpoint rule, and the two-part paired-cap matching hypothesis. Its cosmological
interpretation additionally assumes the global-source action and, for the quoted late-time amplitude,
the regulated trace-average condition. The on-saddle and modulus-integral readings are displayed
separately in Sec. 14.2. None of these inputs is varied continuously against the observed value.

We use κ2 = 8πG and the unreduced Planck mass MP = G−1/2 = 1.221 × 1019 GeV [4]. The
matched observable is Λ/M2

P = GΛ; the compact saddle coordinate u = κ2Λ differs by a factor of
8π.

Relation to Padmanabhan’s mode-count formula. Padmanabhan obtained

ΛL2
P = 3 exp(−24π2µ) (2)

from a phase-space count of modes crossing the Hubble radius through an early inflationary era,
radiation–matter domination and late acceleration [27, 28, 29]. In the 2012 construction the initial
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de Sitter radius is set to LP , the Planck-domain Hubble-sphere count is taken to be N = 4π, and
the order-one factor µ collects uncertainties in horizon crossing and the cosmic transitions. That
construction also notes that ordinary continuum spin-2 perturbation theory would place Planck-
scale inflation in conflict with primordial gravitational-wave bounds, and argues that the continuum
calculation need not remain trustworthy at the Planck scale [27].

This shared numerical form does not constitute precedence for the present derivation. The calcu-
lational objects and physical decompositions are different. Padmanabhan’s construction contains no
compact-S4 counterterm quotient, Euler/Wess–Zumino extraction, Standard Model anomaly census,
proton endpoint, paired-cap readout or four-form completion. The present construction contains no
Hubble-crossing mode count, cosmic-era matching, reheating prescription or Planck-scale inflation-
ary history. Here 24π2 is the round-S4 Einstein action at the declared Euclidean Planck boundary,
while the additional nineteen decades arise as the multiplicative protected response aSMmp/MP.
The Planckian input is therefore a compact ultraviolet boundary, not a physical inflationary epoch,
and it carries no associated prediction of Planck-scale primordial tensor fluctuations.

For numerical comparison only, with L2
P = G = M−2

P the present result can be rewritten in
Padmanabhan’s form as

µeff = 1 +
1

24π2
ln

(
3MP

aSMmp

)
= 1.18615. (3)

This is an algebraic translation, not a determination of the µ defined by the mode-count construction
and not independent corroboration of the present result. Because both formulas invoke Planckian
de Sitter geometry, the common coefficient 24π2 is noted as a structural parallel rather than counted
as a second derivation.

Relation to other approaches. Euclidean, QCD, thermodynamic and emergent-gravity ap-
proaches supply useful contrasts [22, 23, 24, 33, 25, 26, 30]. Here the compact de Sitter geometry
computes a protected connected response; the QCD endpoint and Standard Model type-A residue
close the hierarchy, while a separate four-form action maps that response to vacuum curvature.

The construction is closest on the gravity side to trace-free and vacuum-energy-sequestering
approaches, which remove homogeneous vacuum shifts but generally leave a residual curvature as
an integration constant, flux, or boundary datum [68, 40, 41, 42, 83]. Here the protected compact
Wess–Zumino response supplies a candidate value for that residual. The compact extraction, strict-
channel response, and global curvature map are logically distinct.

Framework and scope. We work at leading saddle order in the sourced compact de Sitter func-
tional (see also recent QFT-in-curved-spacetime and semiclassical- gravity scope discussions [84, 93]).
Classical metric saddles enter through their Einstein–Hilbert action, and Standard Model matter
is quantised on the selected saddle. The protected coefficient is the matter-QFT Euler anomaly
rather than a graviton anomaly census. Source-independent metric and ghost determinants cancel
in the sector-normalised cap response; source-dependent gravitational dressing and higher-curvature
changes to the primitive action remain outside the leading matter-QFT truncation. The compact
response and the gravity-side completion remain logically separate. Table 1 summarises their status.

Conventions. We work in Euclidean signature on round S4 throughout, with Ricci tensor Rµν =
Λgµν (positive scalar curvature R = 4Λ > 0) and Riemann sign such that the Euler density is
E4 = RµνρσR

µνρσ − 4RµνR
µν + R2, with

∫
S4

√
g E4 = 32π2χ(S4) = 64π2. The trace anomaly [73]

is normalised as in [20, 21], ⟨Tµ
µ⟩ = (c/16π2)W 2 − (a/16π2)E4 + tot. deriv., and the Euclidean

Einstein–Hilbert action is SEH = −(1/2κ2)
∫
(R − 2Λ)

√
g d4x. We use H for the dimensionful
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curvature label of the S4 modulus, defined so that the on-shell Einstein–Hilbert action takes the
canonical form |SEH| = 24π2M2

P/H
2; equivalently H2 = 8πΛ. This H is distinct from the Lorentzian

de Sitter expansion rate H2
dS = Λ/3 (the two differ by a factor of 24π) and from the observed Hubble

constant H0. We denote the fixed gravitational-sector label by us and the external compensator scale
in its normalised matter cap by h. They are distinct arguments of the paired-cap amplitude; under
the two-part matching hypothesis, the insertion lies on the fixed plane h2∗ = mpMP.

2 Overview of the construction

The central construction separates the gravitational sector from the matter source. Let gs be a fixed
round-S4 saddle labelled by us, and cut it at the equator Σ = S3. A constant external Weyl source
acts on one cap through

ĝµν(h) = xhgs,µν , xh ≡
M2

P

h2
.

The sourced cap prepares a state in HΣ,xhγs . The compensator-induced Weyl transport Uh :
HΣ,xhγs → HΣ,γs places it in the fixed fiducial boundary Hilbert space. After removing the common
classical sphere grade, the reduced paired-cap amplitude is

Zn,+(h |us) ≡ ⟨Ωn,−(us)|Uh|Ψ
(h)
n,+(us)⟩Σ,γs , Z full

n,+ = e−nB(us)Zn,+. (4)

The anomalous Jacobian of the Weyl transport is included in Zn,+. The normalised cap action is

∆Γn,+(h |us) ≡ − ln
Zn,+(h |us)
Zn,+(MP |us)

, ∆Γn,+(MP |us) = 0. (5)

The same bra appears in numerator and denominator, so its overall normalisation and phase cancel.
Its boundary functional remains part of the matrix element. The two arguments now have distinct
roles: us labels the gravitational saddle, while h labels an external trace source on that saddle.
Because the classical grade has been removed from Zn,+, the explicit factor e−Bs below is counted
once.

The additive one-cap Einstein curvature charge provides the source coordinate,

C+(h) ≡
1

4κ2

∫
D4

+

d4x
√
ĝ(h)R[ĝ(h)] = 12π2xh, C+,0 = C+(MP) = 12π2, D+ ≡ C+,0

d

dC+(h)
.

For the primitive sector at us = 1, the compact charge is

qWZ ≡ e−24π2 D+∆Γ1,+(h | 1)|h=h∗
+O(e−48π2

). (6)

The extraction theorem gives the universal one-cap Euler response ∆ΓA,+ = Am(h) lnxh, hence

D+∆ΓA,+(h) = Am(h)
h2

M2
P

.

The Standard Model fixes Am(h∗) = aSM = 1991/720 at leading order. The infrared endpoint is the
stable proton pole. Under the two-part matching hypothesis of endpoint conjugacy and reflection-
even readout, the insertion lies on the unique fixed plane

h2∗ = mpMP.
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lnh
mp MPh∗ =

√
mpMP

finite dilation-time interval, s = ln(h/mp)

Θ : s 7→ L− s

UV saddle e−24π2stable QCD endpoint

Figure 1: The finite logarithmic interval between the stable QCD and Planck endpoint standards.
Under the two-part matching hypothesis of endpoint conjugacy and reflection-even readout, the
insertion lies on the fixed plane h2∗ = mpMP. The primitive gravitational sector supplies the separate
weight e−24π2 .

Table 1: Logical structure of the result. Derived consequences are separated from physical inputs.
Layer Status Location

Compact matter datum type-A extraction theorem; aSM = 1991/720 Secs. 3–5
Local gravity H4 obstruction and unique trace-free

projection
Sec. 7

Compact sector suppressed round-S4 thimble at the exact
boundary ub = 1

Sec. 9

Paired-cap response scalar matrix element in a fixed boundary
Hilbert space and one-cap curvature-charge
derivative; matching assumes endpoint
conjugacy and a reflection-even readout

Secs. 10–11

Infrared endpoint stable proton trace-charge standard under the
stated endpoint rule

Sec. 8

Global completion four-form action is proposed; its field equations
and w = −1 consequence are derived

Sec. 12

Late-time amplitude Λ∞/M2
P = qWZ requires the regulated

non-vacuum trace average to vanish
Sec. 13

Substitution into Eq. (6) gives

qWZ = aSM
mp

MP
e−24π2

= 2.856× 10−122. (7)

The four-form completion is logically separate. It gives Λ/M2
P = qWZ on a maximally symmetric

vacuum and a constant residual source with w = −1. The late-time amplitude additionally requires
the regulated non-vacuum trace average to vanish:

Λ∞
M2

P

= qWZ. (8)

3 The compact-S4 vacuum-energy ambiguity

The cosmological counterterm α
∫√

g in the renormalised effective action of any QFT on a curved
background is a familiar feature of semiclassical gravity [12, 16, 17, 7]. In flat space, the absolute
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vacuum-energy density is not a scheme-independent observable: a hard cutoff gives the familiar
quartic dependence on the cutoff, while dimensional regularisation gives a different mass-dependent
contribution. What flat space does provide is a reference structure in which subtraction conventions
can be imposed, and in which differences between configurations (Casimir-type energies) can be
physically meaningful. On compact S4 without boundary the situation is structurally sharper.
There is a single compact configuration, and the vacuum-energy functional and the cosmological-
counterterm functional are both scheme-dependent and the same local operator on S4. Both reduce
to

∫√
g d4x ∝ H−4, with no geometrically distinguishable label separating them; no renormalisation

condition intrinsic to the compact background splits the two. The observation that the standard
zero-point sum simply renormalises the bare cosmological constant, and that the split between
“vacuum energy” and “counterterm” is not a scheme-independent observable, has been made by
Bianchi and Rovelli [18] and by Hollands and Wald [19]; related recent discussions also separate
observable QFT effects from a literal absolute vacuum-energy fluid [80]. The absolute vacuum
energy on S4 is therefore not a scheme-independent observable. Any well-posed extraction must
identify a counterterm-invariant functional.

The Casimir objection. A standard objection is that the Casimir effect demonstrates that vac-
uum energy is real and gravitates. The Casimir effect, however, measures the energy difference
between two configurations on the same background, for example parallel conducting plates at
separation d versus d → ∞ [31]. This difference is scheme-independent because the cosmological
counterterm contributes equally to both configurations and cancels in the subtraction. On compact
S4 without boundary there is no second configuration: the partition function is a single number, the
counterterm ambiguity does not cancel, and the result is scheme-dependent. (Indeed, Jaffe [32] has
shown that Casimir forces can be derived entirely from relativistic van der Waals interactions, with-
out reference to zero-point vacuum fluctuations.) Scheme-independent vacuum-energy differences
between phases, such as the QCD condensation energy ∆V ∼ Λ4

QCD ∼ 10−4GeV4 between confined
and deconfined phases, are physical. The completed global equation cancels a strictly homogeneous
constant shift but does not erase spacetime-dependent phase-transition dynamics, interfaces, or other
inhomogeneous stresses; those remain a separate cosmological-history problem.

Three direct identifications one might try for Λ from the compact path integral on the de Sitter
saddle all produce wrong answers:

(i) Free energy per four-volume, Λ = −T lnZ/V3. The zero-mode integral absorbs the hierarchy
into an O(1) partition function; the Gibbons–Hawking temperature and three-volume restore Planck-
scale vacuum energy regardless of H.

(ii) Full effective action at the evaluation scale, Λ ∼ Γ(h∗). The classical piece Scl =
24π2MP/mp ≈ 3 × 1021 gives absurd over-suppression (confusing the matching scale with the
Planck curvature of the saddle).

(iii) Partition function itself, Λ ∝ Z. The matter determinant gives Zmatter ∝ (H/µ)4aSM , with
aSM in the exponent. No thermodynamic operation converts (const)aSM into aSM.
All three failures share a common root: they attempt to extract Λ directly from Z or Γ, which are
contaminated by scheme- and measure-dependent contributions. The underlying degeneracy, namely
that the vacuum-energy term and cosmological counterterm multiply the same operator, leaves no
physical energy difference to extract. A well-posed extraction must be invariant under every allowed
renormalisation ambiguity. A quantitative classification of the inequivalent readings of the compact
channel itself, including the bounded-window modulus integral, is given in Sec. 14.2.
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4 Extraction theorem on conformally flat S4

Γ[g] is defined only up to local counterterms. We therefore specify minimal consistency requirements
for any extraction of a physical Λ from the compact path integral on S4.

Local counterterm ambiguities. For any QFT on a curved background, renormalisation permits
adding local curvature counterterms to Γ[g]:

Γ[g] → Γ[g] + α

∫
d4x

√
g + β

∫
d4x

√
g R

+ γ

∫
d4x

√
g R2 + δ

∫
d4x

√
gW 2 + ϵ

∫
d4x

√
g E4 + · · · , (9)

together with scheme-dependent total derivatives such as
∫√

g□R. This is the complete dimension-
four local curvature basis (modulo the Lanczos identity expressing

∫ √
g RµνR

µν as a linear combina-
tion of the above). The α

∫√
g term is the cosmological counterterm; shifting the matter Lagrangian

by a constant Lm → Lm + ρ0 is equivalent to α → α+ ρ0. Any putative extraction of a physical Λ
from Z must be insensitive to these shifts; otherwise Z → Λ is not a prediction of the compact path
integral but an artefact of the regularisation.

Extraction criteria. We require the extraction functional F [Γ;S4(H)] to satisfy:
C1 (Counterterm/scheme invariance): F is invariant under all local counterterm ambiguities of
Eq. (9), including α

∫√
g (cosmological counterterm), β

∫√
g R, higher-curvature terms, and total-

derivative ambiguities, so that F constitutes a well-posed prediction of the path integral.
C2 (Conformally-flat universality): on round S4 (W 2 = 0), the extracted quantity depends only
on diffeomorphism-invariant, scheme-independent universal data of the matter sector, not on gauge-
volume normalisations, measure conventions, or regulator artefacts.

Theorem 1 (Euler extraction on conformally flat S4). On round conformally flat S4(H), among lo-
cal linear constant-Weyl responses of the renormalised effective action satisfying counterterm invari-
ance (C1) and conformal-flatness universality (C2), the unique nonvanishing H-independent scheme-
independent matter datum is the type-A Euler anomaly coefficient. With Γ(H) = − lnZ[S4(H)] and

⟨Tµν⟩ =
2
√
g

δΓ

δgµν
,

it is isolated at a conformal fixed point by

A[Γ] = −1

4
ΠH0

(
dΓ(H)

d lnH

)
. (10)

Here ΠH0 extracts the coefficient of the H0 term in the local constant-Weyl response after beta-
function and operator-mixing contributions have been separated. Away from a fixed point, the same
statement applies to the Euler-cocycle projection of the local RG equation after beta-function and
operator-mixing terms have been separated [37].

Proof. The local counterterms in Eq. (9) evaluate on S4(H) as H−4, H−2, a constant, zero, a
topological constant, and zero for the volume, Einstein, R2, W 2, E4, and □R terms, respectively.
After d/d lnH, they are therefore either H-dependent or vanish. A finite E4 counterterm changes
only the constant part of Γ and cannot absorb the anomalous logarithm.

7



The sign is fixed by the Euclidean variational convention. Under a constant Weyl variation
gµν → e2σgµν , δgµν = −2σgµν , so

δσΓ[g] = −
∫

d4x
√
g σ⟨Tµ

µ⟩

= +
a

(4π)2

∫
d4x

√
g σE4 (11)

for the anomaly convention of Eq. (12). On conformally flat S4, W 2 = 0, the integrated total
derivative vanishes, and

∫
S4

√
g E4 = 64π2. Hence δσΓ = 4aσ. Since a Weyl enlargement of the

sphere sends H → e−σH, one has σ = −δ lnH, and therefore

ΠH0

(
dΓ

d lnH

)
= −4a.

Equation (10) follows. Wess–Zumino consistency protects the coefficient [36]. At a fixed point the
argument is loop-order independent: a local curvature term of order n scales as H2n−4, while the only
undressed logarithmic response in the conformally flat local cohomology is the Euler cocycle. For a
running theory the local-RG Euler projector removes the additional βi∂Γ/∂gi and operator-mixing
responses.

Free-scalar sign audit. For one real conformally coupled scalar, as = 1/360 and the conformal
Laplacian on S4 has ζ∆c(0) = −1/90. Because its eigenvalues scale as H2,

Γs =
1

2
ln det(∆c/µ

2) =
1

90
ln

µ

H
+ constant,

dΓs

d lnH
= − 1

90
= −4as.

This determinant check fixes the sign independently of the Ward-identity argument and agrees with
the standard even-dimensional sphere-free-energy convention [94].

Standard Model corollary. In the effectively massless Standard Model window, the protected
matter response is Am(H) = aSM + O(m2

i /H
2), with aSM = 1991/720 at leading free-field order.

Interaction and broader determinant corrections are treated separately in Sec. 13.

Scope of the theorem. The theorem fixes the one-dimensional protected matter direction enter-
ing the connected compact response: it is the Euler coefficient a. It does not state that an ordinary
metric variation of this datum produces the Friedmann cosmological constant; Sec. 7 shows that the
corresponding local stress scales as H4. The gravity-side map is therefore a separate ingredient.

Relation to the standard trace anomaly. The trace anomaly and Gauss–Bonnet integral are
standard. The added content here is the counterterm-by-counterterm classification on compact
round S4: every allowed local ambiguity has either an H-dependent response or zero response under
d/d lnH, leaving the anomalous logarithm as the unique nonzero constant term.

Interpretation of the extracted datum. The protected coefficient aSM corresponds to a
protected object : on S4(H), the matter effective action contains the anomaly-induced logarithm
+4aSM ln(µ/H), the unique part whose response to a constant Weyl rescaling produces the H-
independent constant −4aSM. This logarithm is the round-S4 reduction of a non-local Wess–Zumino
representative of the four-dimensional trace anomaly [43, 44, 71, 82, 38]. The extraction map
in Eq. (10) projects onto its Euler coefficient. The remaining effective action may contain local
counterterm classes, beta-function/operator responses, and a Weyl-invariant complement; the
projector excludes these additional structures without asserting that they vanish.
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Table 2: The a-anomaly coefficient per field.
Field type a

Real scalar 1/360
Weyl fermion 11/720
Vector boson 31/180

5 Standard Model evaluation of the extracted datum

In four dimensions, the trace of the stress-energy tensor of a quantum field on a curved background
contains two central charges [20, 21]:

⟨Tµ
µ⟩ =

c

16π2
WµνρσW

µνρσ − a

16π2
E4

+ (total derivatives) , (12)

where Wµνρσ is the Weyl tensor and E4 = R2 − 4RµνR
µν + RµνρσR

µνρσ is the Euler density. At
a free-field conformal fixed point, the coefficients a and c are dimensionless numbers fixed by the
field content; in an interacting theory their fixed-point values can receive interaction-dependent
corrections.

On the round S4, which is conformally flat (Wµνρσ = 0), the c-anomaly drops out entirely. Of the
two central-charge terms, only the a-anomaly contributes to the universal constant-Weyl response
on round S4. At conformal fixed points, a is the quantity constrained by the four-dimensional a-
theorem [74, 45]. On S4 it couples to the Euler density E4, the same topological structure appearing
in the gravitational action via Eq. (24).

The standard a-coefficients per free field [13, 14, 46, 47] are listed in Table 2; recent path-integral
analyses of Weyl-fermion trace anomalies provide a modern check on the fermionic sector [85].
The Standard Model contains 4 real scalars (Higgs doublet), 45 Weyl fermions (3 generations × 15
per generation), and 12 vector bosons (8 gluons +W± + Z + γ) [4]. Therefore:

aSM =
4

360
+

45× 11

720
+

12× 31

180
=

1991

720
= 2.76528 . (13)

This is a rational number fixed by the known particle content. In the effectively massless regime
(mi/H ≪ 1) relevant here, the Euler (type-A) anomaly is fixed by field content up to controlled
interaction and mass corrections; we use the standard free-field value and treat residual correc-
tions in the error budget (Sec. 13). At the evaluation scale h∗ =

√
mpMP ≈ 3.4 × 109 GeV, all

Standard Model species satisfy mi/h∗ ≪ 1; the largest correction is (mtop/h∗)
2 ≈ 3 × 10−15 [4].

The Standard Model is not exactly conformal. The free-field fixed-point Euler coefficient is uni-
versal and scheme-independent; at the running evaluation scale the relevant aeff(h∗) is defined by
the local-RG Euler-cocycle projection, with beta-function, operator mixing, interaction and mass
effects kept separate and budgeted in Sec. 13. In particular, the scalar field-count value 1/360 is
independent of the Higgs nonminimal curvature coupling ξ |H|2R. Away from conformal coupling,
the full scalar trace may contain additional nonconformal local structures, including an R2 term as
well as the scheme-dependent total derivative □R; nevertheless the type-A Euler and type-B Weyl
coefficients themselves are independent of ξ [13, 12, 15]. On round S4,

∫ √
g R2 is independent of

H and is annihilated by d/d lnH, while
∫ √

g□R = 0 by compactness. The extracted Euler datum
aSM = 1991/720 is therefore ξ-independent, and no assumption ξ = 1

6 is required. The leading
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simple non-CFT estimate is O(y2t /16π
2) ≈ 0.2%. In the absence of a complete curved-space Stan-

dard Model cap calculation, we use ≲ 0.5% as a provisional matter-response estimate rather than
a calculated uncertainty (Sec. 13). It is below the separate ∼ 4% endpoint-relaxation robustness
envelope.

Inverting Eq. (1), the anomaly coefficient inferred from observation is

ainf ≡
(Λ/M2

P)obs

(mp/MP) e−24π2 = 2.755± 0.055 , (14)

where the displayed uncertainty is the observational uncertainty from Planck 2018 [3] with the zero-
temperature proton endpoint held fixed. If the endpoint criterion is relaxed to include the nearby
thermal diagnostic 2πTc [55], the interpretive robustness envelope broadens to ∼ 4%; that broader
envelope is not included in the displayed error bar for ainf . Equivalently, ainf/aSM = 0.996, a 0.4%
difference, so the inferred compact residue agrees with the Standard Model value within the displayed
observational uncertainty.

Within the leading Einstein–Hilbert paired-cap channel, a confirmed weakly coupled field-content
shift exceeding the ∼ 4% endpoint-relaxation envelope would produce a visible mismatch. It becomes
a falsifier once source-dependent gravitational dressing and the higher-curvature correction to the
primitive action are controlled below that level. With the selected zero-temperature proton endpoint,
the observational comparison is the narrower ±2.0%, supplemented by the estimated ≲ 0.5% matter-
channel correction envelope. Future collider discoveries therefore provide conditional changes to the
compact residue, not automatic cosmological exclusions.

Local-RG analyses distinguish the physical Euler coefficient from beta-function-proportional flow
terms in the Ã-function [37, 50]. Jack and Poole construct the gauge-theory a-function through
four-loop order and provide nontrivial consistency relations, but this is not by itself a curved-space
Standard Model calculation. In the explicit locally covariant ϕ4 analysis of Fröb and Zahn, the E4

coefficient is fixed and its interaction correction vanishes through second order; their discussion also
records the known higher-order onset O(λ4) for the scalar a coefficient [67]. These results support
the absence of a generic leading O(g2) shift in the examples controlled so far, but do not supply a
complete Standard Model number at h∗. We therefore use the rational free-field value as the leading
term and retain a conservative ≲ 0.5% matter-response envelope. By itself this order-unity number
cannot explain 122 decades of hierarchy; a genuinely infrared input is needed.

6 Need for a separate infrared input in direct compact-saddle mech-
anisms

Before assembling the formula, we show that none of the direct mechanisms available in the stated
single-saddle treatment produces the linear factor mp/MP ≈ 10−19. The three arguments below cover
direct zero-mode sampling, local heat-kernel mass corrections, and Planck-scale QCD instantons.
They motivate a separate infrared input within this treatment; they are not asserted as a no-go
theorem for every possible nonlocal or UV-complete compact effect.

(i) Zero-mode localisation. Within the declared sub-Planckian domain x = M2
P/H

2 ≥ 1, the
classical weight is exponentially localised at the boundary x = 1. The confinement region H ∼ mp

lies ∼ 44 e-foldings away in lnH and carries an additional action of order 24π2M2
P/m

2
p ∼ 1040. The

direct modulus integral therefore never samples the confinement scale. The fractional boundary-layer
width 1/B belongs to the bounded R2 reading, not to the R3 response prescription.
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(ii) Local analytic mass expansion. In the local analytic part of the one-loop heat-kernel
expansion on a compact Riemannian manifold, mass dependence enters through m2, giving powers
(ma)2n (with logarithms multiplying even powers) rather than a term linear in ma [51]. For
ma = mp/MP, the first such correction is of order 10−38.

(iii) QCD instanton suppression. A perturbative Standard Model RG extrapolation gives
αs(MP) ≈ 0.02 [69]. The corresponding Yang–Mills instanton action is SQCD = 2π/αs ≈ 314 [65];
the amplitude e−314 ≈ 10−136 is negligible compared with the required 10−19.

Origin of the product form. The compact-channel expression has three factors with different
origins. The extraction theorem fixes the matter input: after finite local counterterms have been
quotiented out on conformally flat compact S4, the only nonvanishing scheme-independent local
matter residue in the constant-Weyl response is the Euler/Wess–Zumino coefficient a. For the
minimal Standard Model this gives aSM = 1991/720. The Planck-curvature compact de Sitter
thimble supplies the nonperturbative grade e−24π2 . A finite external compensator in the normalised
cap functional supplies the separate matter response, and the two-part matching hypothesis places
its readout on the fixed plane h2∗ = mpMP, giving h2∗/M

2
P = mp/MP. The exclusion arguments

above show why this infrared factor cannot be generated by a purely Planck-scale modulus integral;
the QCD endpoint supplies the required physical infrared standard. Within the compact-channel
prescription these ingredients give the connected response

qWZ = aSM
mp

MP
e−24π2

. (15)

The extraction theorem fixes the compact matter residue. The paired-cap construction then defines
its sector-resolved response, including the source sign, action normalisation and reflection point. The
separate global-source action maps that compact charge to vacuum curvature, and Eq. (46) supplies
the late-time amplitude condition.

7 Ordinary-GR obstruction and the trace-free quotient

The ordinary-GR obstruction. Let Λg denote the geometric cosmological constant of a round
four-dimensional de Sitter solution. Then

Rµν = Λggµν , R = 4Λg, E4 =
8

3
Λ2
g.

With the anomaly convention ⟨Tµ
µ⟩A = −aE4/(16π

2), maximal symmetry fixes

TA
µν = −

aΛ2
g

24π2
gµν .

Proposition 2 (Ordinary-GR no-go for a linear compact source). In ordinary semiclassical Einstein
gravity the local type-A anomaly changes the round de Sitter curvature at order Λ2

g/M
2
P. Multiplying

the anomaly sector by a small compact weight does not create a small branch linear in that weight.

Proof. With a renormalised local cosmological term Λ0,

Gµν + Λ0gµν =
8π

M2
P

TA
µν .

11



Since Gµν = −Λggµν on the round branch,

Λg − Λ0 =
a

3π

Λ2
g

M2
P

. (16)

For Λ0 = 0, the nonzero root is Λg/M
2
P = 3π/a, which is Planckian. If the anomaly sector is

multiplied by a small coefficient ε, the nonzero root becomes 3π/(aε): the suppression appears in
the denominator. Thus no ordinary local metric variation yields Λg/M

2
P ∝ εa.

The obstruction is structural. A protected dimensionless datum q could multiply a local vol-
ume term qM4

P

∫ √
|g|, but that is precisely the operator removed by the cosmological-counterterm

quotient. A two-derivative term qM2
P

∫ √
|g|R only renormalises Newton’s constant, while curvature-

squared terms produce qH4 stresses. A linear protected relation therefore requires a global zero-mode
equation.

The local equation on the volume-counterterm quotient. Write the two-derivative renor-
malised metric equation, before selecting a cosmological representative, as

Eµν ≡ Gµν −
8π

M2
P

Tµν .

Adding a finite local volume term shifts Eµν 7→ Eµν + cgµν .

Lemma 3 (Trace-free quotient projector). The unique algebraic local projection of the metric equa-
tion that is independent of the representative Eµν ∼ Eµν + cgµν is

Rµν −
1

4
Rgµν =

8π

M2
P

(
Tµν −

1

4
Tgµν

)
. (17)

For conserved matter stress, any solution of this projected equation leaves one spacetime constant
Λint through

R+
8π

M2
P

T = 4Λint. (18)

Proof. The unique algebraic projection of a symmetric tensor that is invariant under Xµν 7→ Xµν +
cgµν and acts as the identity on traceless tensors is Xµν − Xgµν/4. Applying it to Eµν = 0 gives
Eq. (17). The contracted Bianchi identity and ∇µTµν = 0 then imply ∇ν(R+8πT/M2

P) = 0, giving
Eq. (18).

Renormalisation ambiguity alone does not select the physical dynamics. Lemma 3 identifies
only the local equation that a source law compatible with the volume-counterterm quotient must
reproduce. The compact global-source action of Sec. 12 is the sole gravity-side postulate. Its
variation yields both Eq. (17) and the equation fixing the omitted scalar mode.

8 The infrared input from QCD: mp/MP

The proton mass arises from QCD confinement via dimensional transmutation [53, 54]:

mp ≈ ΛQCD ∼ MUV exp

(
− 8π2

b0 g2(MUV)

)
, (19)

12



where b0 = 7 for SU(3) with six flavours. The ratio

mp

MP
≈ 7.685× 10−20 (20)

Using the current proton and Planck masses [4], this ratio accounts for the remaining ∼19 orders of
magnitude. A perturbative coupling αs(MP) ≃ 0.02 ≃ 1/50 in the one-loop estimate exponentiates
into a hierarchy of approximately nineteen decades. This mechanism has been understood since
the 1970s and is not a cancellation; the proton mass is a non-perturbatively generated scale. The
proton mass enters not because the vacuum contains protons, but because its pole is the stable,
gauge-invariant, late-time representative of the QCD dimensional-transmutation endpoint in the
full Standard Model. The mass is predominantly dynamical: lattice calculations attribute about
70% of it to quark and gluon field energies, while over 90% arises from QCD dynamics rather than
Higgs-generated quark masses; the renormalisation-group-invariant QCD trace anomaly contributes
≈ 23% [57, 58]. Recent lattice form-factor, NNLO, and first-principles energy–momentum-tensor
studies develop these decompositions further and emphasise their renormalisation-scheme and scale
dependence [88, 90, 91]. The endpoint is therefore taken to be the physical proton pole, not any
individual decomposition term.

The 122-decade hierarchy thus decomposes as 103 + 19: a de Sitter saddle suppression times a
gauge hierarchy, with no cancellation. Using the physical ratio in Eq. (20), the compact response
can be written as a single exponential suppression,

qWZ = aSM exp
[
−(Sgrav + Strans)

]
,

Λ

M2
P

= qWZ under Eq. (42), (21)

where Sgrav = 24π2 ≈ 237 and Strans ≡ ln(MP/mp) = 44.01. At one loop, dimensional transmutation
gives Strans ≃ 2π/[b0αs(MP)], up to threshold and order-one matching factors, with αs ≡ g2/4π;
the total exponent is approximately 281. The gravitational and confinement suppressions therefore
add in the exponent. A formal derivation of their joint contribution is given through the sourced
one-saddle construction in Sec. 11.

9 The compact de Sitter saddle weight e−24π2

The compact S4 extraction theorem identifies the protected matter datum. The sourced semiclassical
gravitational framework supplies the corresponding compact de Sitter saddle channel. This section
fixes the saddle weight appearing in that channel and separates geometric facts from the contour
prescription used to define the sourced cosmological operator.

Saddle geometry. The Einstein–Hilbert action evaluated on the round S4 is

SEH = − 1

2κ2

∫
S4

(R− 2Λ)
√
g d4x = −24π2

κ2Λ
. (22)

The number 24π2 is the dimensionless Einstein–Hilbert action at the κ-Planck curvature point, not
a count of unreduced Planck four-volumes. Introduce the instanton curvature variable

u ≡ κ2Λ

so that

|SEH| =
24π2

u
.
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The compact S4 saddle here is the ultraviolet gravitational sector of the sourced trans-series, not
the observed late-time de Sitter solution. The semiclassical saddle weight is normalised at the
Planck-curvature endpoint u = κ2Λ = 1 set by Newton’s constant, and

|SEH|u=1 = 24π2.

The strict compact channel is defined on the sub-Planckian domain 0 < u ≤ 1 with boundary
representative ub = 1. Writing the reduced Planck mass as M̄P = κ−1 and the corresponding
vacuum potential as VΛ = ΛM̄2

P, this condition is exactly

VΛ = M̄4
P.

Thus the boundary is the point at which the vacuum potential reaches one reduced-Planck energy
density. Within that domain, endpoint dominance selects the boundary member of the saddle
family, and its classical exponent is exactly 24π2. The boundary condition is the physical input; its
consequences are fixed. Table 1 records this status. The conformal zero mode has no interior saddle
(Appendix C); the alternative R2 modulus reading instead produces a boundary layer of fractional
width 1/B. We use the unreduced Planck mass MP = G−1/2 for the observable GΛ = Λ/M2

P; the
instanton exponent is naturally written in terms of the gravitational coupling κ2 = 8πG.

The on-shell saddle action and the de Sitter entropy are related by an exact identity. The
Bekenstein–Hawking entropy is SdS = 3πM2

P/Λ; the on-shell action is B = 24π2/(κ2Λ) = 3πM2
P/Λ.

Therefore
B = SdS , (23)

exact for any Λ. The saddle exponent equals the de Sitter entropy. This identity remains important
in recent finite-volume partition-function treatments of gravitational thermodynamics [81]. At the
Planck-curvature normalisation u = 1 this is the finite Planck-boundary entropy SdS|u=1 = 24π2 ≈
237 of the ultraviolet saddle; the observed cosmological constant emerges from the full result Eq. (48),
not from this saddle entropy. Thus e−24π2 is the Planck-curvature trans-series sector weight, not
the Gibbons–Hawking partition function of the observed late-time de Sitter universe, whose entropy
would be SdS ∼ 10122 with the opposite large-sign weighting in a macroscopic de Sitter partition-
function interpretation.

This connection can be placed on rigorous geometric footing. On any conformally flat Einstein
4-manifold, the Chern–Gauss–Bonnet theorem [34] gives

|SEH| = 3
2 χ(M) × 8π2

κ2Λ
, (24)

where χ(M) is the Euler characteristic. For S4, χ = 2, recovering |SEH| = 24π2/(κ2Λ). This
factorisation through the Euler characteristic is special to four dimensions: the Gauss–Bonnet density
is then a four-form, paralleling the four-dimensional Yang–Mills topological density. None of these
results involves a contour choice or a dynamical assumption; they are properties of the round-S4

geometry itself.

Compact representative for the extraction theorem. The extraction map (Theorem 1) re-
quires a conformally flat background (Wµνρσ = 0), because the uniqueness proof (Theorem 1, con-
dition C2) relies on the vanishing of the Weyl tensor. The round S4 is the admissible compact
positive-curvature representative of the universal conformally flat channel used here. Non-spin rep-
resentatives are inadmissible for the Standard Model fermion determinant, while non-conformally-flat
representatives carry W 2 or other non-universal data and are projected out by C2. For example,
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CP2 is not spin and is not conformally flat, while S2×S2 is spin but has W ̸= 0, so the c-anomaly
contributes and the extraction also contains the c anomaly [35]. We require only the narrower claim
that round S4 represents the protected local conformally flat channel, not a classification of all
gravitational saddles.

Sourced Feynman/Lefschetz contour. We compute the sourced Lorentzian vacuum functional
in the paired-cap curvature-charge coordinate, evaluated in the leading saddle approximation. The
suppressed-thimble clause of the compact-channel prescription fixes the original contour and ob-
servable so that the compact round-S4 thimble associated with de Sitter space is included with the
decaying orientation e−|SEH| [59, 60, 77].1 The source enters analytically and is differentiated before
it is set to zero, so it changes the in-sector response but not the classical on-shell action of the
compact saddle.

Named contour alternative. The decaying orientation selected here has the same semiclassical
exponential sign as the tunnelling, or Vilenkin, de Sitter weighting exp[−3π/(GΛ)] [76]. At the
selected boundary κ2Λ = 1,

3π

GΛ
= 24π2.

The opposite Hartle–Hawking orientation [75] would replace e−24π2 by e+24π2 and hence enlarge the
leading prediction by

e48π
2 ≃ 10205.7.

It therefore falsifies this compact channel. This comparison concerns only the sign of the semiclassical
compact weight: the paired-cap coefficient defined in Eq. (4) is not identified with a vacuum-decay
rate or a universe-creation probability, and the broader contour question remains boundary-condition
dependent.

Admissibility under the suppressed-thimble clause. Assume that the defining contour con-
tains the compact round-S4 thimble with the suppressed weight e−|SEH|. With Γ = − lnZ and the
determinant sign fixed in Sec. 4, the reduced scale measure on the declared sub-Planckian domain is
proportional to z−2aSM−1dz with z = e2σ0 ≥ 1. The Planck boundary, not the sign of aSM, removes
the small-z endpoint; the damped thimble controls the large-z end. The selected sector is therefore
finite on its declared domain and has classical grade e−24π2 . This check does not independently
determine the contour, its orientation, or its Stokes data.
Verification. The physical-domain integral is displayed in Eq. (26). Extending the modulus to z = 0
would reintroduce the excluded super-Planckian region and gives the divergent R1 reading; it is not
a convergence test passed by aSM > 0.

Endpoint dominance of the sector family. Label the round-S4 sectors in the declared sub-
Planckian domain by x = M2

P/H
2 = 1/u ∈ [1,∞), with classical action B(x) = 24π2x. Since B(x)

is strictly increasing, the leading sector is the boundary member x = 1. Every interior sector is
suppressed by e−24π2(x−1) relative to it, already below 10−102 at x = 2. Any polynomially bounded
modulus measure therefore localises at the boundary with fractional width 1/B ≃ 0.4% (the R2
reading of Sec. 14.2).

1This is an observable-specific contour input, not a claim that Picard–Lefschetz theory selects a universal de Sitter
contour independently of boundary conditions. It does not settle the global no-boundary contour debate [75]; in
particular it is compatible with the Stokes-line issues discussed by Feldbrugge et al. [61], Diaz Dorronsoro et al. [62],
and the review [72].
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The boundary unit. The selected channel takes ub ≡ (κ2Λ)boundary = 1, the tree-level Planck-
curvature boundary in the loop-counting variable u = κ2Λ. This value is fixed by the tree-level
boundary convention, independently of the cosmological value. Other ultraviolet boundary defini-
tions specify quantitatively different models (Appendix D), so observation sharply tests the exact
boundary condition. The domain and boundary unit are recorded in Table 1.
The representative sector is treated at leading tree-saddle order at the gravitational boundary; its
internal curvature is Planckian because that is the scale assigned to the selected compact de Sitter
saddle [59, 60]. It is not the observed late-time de Sitter curvature inserted back into the macroscopic
Einstein equation, which would be circular. The sourced one-saddle formulation (Sec. 11) makes this
distinction precise: e−24π2 is the weight of a non-perturbative sector in the trans-series expansion of
the sourced partition function, not a self-consistent solution of the classical field equations.

Status of the gravitational saddle weight. At leading saddle order, each included metric
saddle is weighted by its on-shell Einstein–Hilbert action while Standard Model matter is quantised
on that saddle. Thus e−SEH is the classical trans-series grade of the compact sector. In the paired-cap
response, source-independent metric and ghost determinants cancel against the zero-compensator
cap norm. A gravitational determinant that depends on the compensator can dress the response,
while higher-curvature operators can modify the complete Planck-boundary action. Those are the
outstanding microscopic correction calculations (Appendix A).

Exponential sensitivity and the trans-series structure. Since B = 24π2 ≈ 237, a shift
δB = O(1) changes the answer by an order-one factor. The sector expansion displays this sensitivity:
B is the classical Einstein–Hilbert action grading the primitive thimble, while the sector-normalised
response is a separate coefficient. This is analogous to sector-resolved instanton calculus, but here
the external compensator is not the gravitational collective coordinate. Within the Einstein–Hilbert
truncation B = 24π2; higher-curvature corrections test that exponent. Source-independent deter-
minant normalisations and phases cancel in the cap quotient rather than entering as an unknown
multiplicative factor.

Finite curvature-squared terms do not shift the protected source response. On round
conformally flat S4, finite terms in the dimension-four curvature basis contribute either counterterm-
degenerate local pieces or H-independent constants to the one-saddle effective action. The Wess–
Zumino source derivative annihilates the constants, while C1 removes the counterterm-degenerate
pieces. They can change an unprotected partition-function normalisation but not the protected
response or the classical Einstein–Hilbert value B = 24π2. Higher-curvature operators can alter the
complete Planck-boundary saddle action and are a separate UV effect.
The sourced semiclassical contour and the compact saddle geometry yield:

e−|SEH| = e−24π2
= 1.344× 10−103 , (25)

accounting for 103 of the 122 orders of magnitude. For the corresponding round geometry, the
selected suppressed factor has an exponent equal in magnitude to its de Sitter entropy, e−24π2

= e−SdS

(Appendix C).

Technical support: zero-mode domain and contour. With the corrected determinant sign,
the damped reduced integral on the physical domain z = e2σ0 ≥ 1 is

Idom(C) =
1

2

∫ ∞

1
z−2aSM−1e−Cz dz =

1

2
C2aSMΓ(−2aSM, C), C > 0, (26)
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where Γ(s, x) is the upper incomplete gamma function. The lower limit is the declared Planck
boundary; it removes the super-Planckian small-radius region. A Lorentzian representation is ob-
tained by C → ϵ − iC and deforming only the large-z end onto a damped ray, without moving
the lower endpoint through z = 0. Thus the domain controls the finite endpoint and the thimble
controls infinity. Extending the integral to z = 0 is the inadmissible R1 reading and diverges for
aSM > 0. This modulus integral is the R2 reading; the cosmological charge instead uses the nor-
malised paired-cap coefficient. The small matter-anomaly ratio aSM/(24π2) ≈ 0.012, the absence of
control over full Planck-scale quantum-gravity corrections, and the non-zero-mode Paneitz term are
detailed in Appendix C.

10 Scale selection from endpoint-conjugate cap reflection

The response scale is fixed by the placement of the cap insertion, not by assigning a second curvature
to the gravitational saddle. The QCD and Planck endpoint standards define a finite dilation-time
interval

s ≡ ln
h

mp
, 0 ≤ s ≤ L, L ≡ ln

MP

mp
. (27)

Logarithmic scale is Euclidean transfer time in radial quantisation [100]. The matching hypothesis
has two parts. First, the ultraviolet Planck cap state and the infrared stable-proton trace state are
posited to be Osterwalder–Schrader-conjugate endpoints of one finite dilation-transfer amplitude.
Under this endpoint-conjugacy assumption, the interval carries the reflection

Θ : s 7−→ L− s. (28)

For the matter functional on the fixed Euclidean cap, reflection positivity supplies the real cap
norm and the conjugation used in the sector normalisation [98, 99]. Second, the compact charge is
represented by the reflection-even local one-point coefficient of the matched UV–IR cap amplitude.
The first assumption supplies the reflected interval; the second places the insertion on its fixed plane.

A local scalar insertion invariant under endpoint exchange must lie on the fixed plane of Θ. The
fixed point is unique:

s∗ =
L

2
, h2∗ = mpMP. (29)

In multiplicative variables the same reflection is

I : h 7−→ mpMP

h
. (30)

This involution is the coordinate representation of endpoint-conjugate cap reflection; it is not an
independent matching rule.

Endpoint identification. The ultraviolet endpoint is the Planck-boundary representative of the
primitive compact thimble. The infrared endpoint must be a scheme-independent, colour-singlet,
zero-temperature mass generated by QCD dimensional transmutation and capable of defining an
asymptotic stress-tensor charge. For a relativistically normalised proton state, energy–momentum
conservation gives

⟨p(P )|Tµ
µ|p(P )⟩ = 2m2

p, (31)

so the proton pole is directly a physical trace-charge standard [57]. Requiring stability in the full
Standard Model selects the proton as the lightest eligible hadronic pole. This does not assert that
a one-proton state dominates the vacuum scalar spectral density; it uses mp as the stable QCD
endpoint standard. Appendix D compares nearby alternatives.
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On-saddle comparison. Setting h = Hs = MP places the external insertion at the ultraviolet
end s = L and gives the R0 reading of Sec. 14.2. The paired-cap coefficient is evaluated instead at
the reflection plane. Operationally, us labels the Lefschetz sector and h labels an external local-RG
source within it.

At h∗ =
√

mpMP ≃ 3.4 × 109 GeV, Standard Model couplings can be evolved perturbatively,
mass-threshold expansions are controlled, and the scale lies in the range analysed in Standard Model
vacuum-stability studies [70, 69, 86].

11 Paired-cap response of the primitive sector

The extraction theorem fixes the universal matter datum. We now evaluate its normalised one-cap
response in the primitive gravitational sector.

Fixed saddle and external compensator. Let gs be the round S4 representative at us = 1,
with Bs = 24π2. Introduce a constant compensator τ only in the matter generating functional,

ĝµν(τ) = e2τgs,µν , h = MPe
−τ , xh = e2τ =

M2
P

h2
.

This is the standard dilaton/local-RG spurion: τ is an external source for the integrated trace
operator and is not integrated as a second metric modulus [45, 95]. The notation ĝ = e2τgs organises
the finite Weyl response; the dynamical gravitational representative remains gs. Its sector action
therefore remains Bs while h labels the finite matter-source insertion.

Cut the sphere at its equator. The equator is totally geodesic, the Euler integral on one cap is half
the full-sphere value, and the additional boundary-anomaly structures vanish on this conformally
flat, totally-geodesic gluing surface [96, 97]. With the determinant-checked convention of Theorem 1,
the universal one-cap difference is

∆ΓA,+(h) = 2Am(h) ln
MP

h
= Am(h) lnxh, (32)

up to the separated local-RG threshold and interaction terms.
After the volume direction has been quotiented as the compact vacuum-energy ambiguity, the

two-derivative Einstein curvature charge is the only nonconstant local geometric coordinate in the
operator basis retained through four derivatives. Six- and higher-derivative directions belong to the
correction budget.

Proposition 4 (One-cap curvature-charge response). On the round cap source family define

C+(h) ≡
1

4κ2

∫
D4

+

d4x
√
ĝ(h)R[ĝ(h)]. (33)

At the primitive boundary us = 1,

C+(h)
C+,0

= xh, C+(h) = 12π2xh, C+,0 = 12π2 =
Bs

2
. (34)

Normalising the conjugate derivative to one primitive cap,

D+ ≡ C+,0
d

dC+(h)
, (35)

gives

ΞWZ(h) ≡ D+∆ΓA,+(h) = Am(h)
h2

M2
P

. (36)
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Proof. For ĝµν = xhgs,µν in four dimensions,
√
ĝ R[ĝ] = xh

√
gsR[gs]. Hence C+/C+,0 = xh. At

us = κ2Λs = 1,

C+,0 =
1

4κ2

∫
D4

+

√
gsR[gs] = 12π2,

which equals the magnitude of the on-shell Einstein–Hilbert action of one reference cap. Since
∆ΓA,+ = Am ln(C+/C+,0),

C+,0
d∆ΓA,+

dC+
= Am

C+,0

C+
= Am

h2

M2
P

.

The cap integral is additive under gluing, and its normalisation is fixed by the primitive reference
cap. Any constant rescaling of C+ cancels between C+,0 and d/dC+; the response depends on the
linear Weyl scaling of the charge, not on its displayed overall normalisation.

The charge C+ is a coordinate on the external source family, not an additive term in the extracted
matter functional; finite

∫ √
gR counterterms remain excluded by the Euler projector. It is also not

the complete off-shell Einstein–Hilbert action at fixed Λs, which contains a volume term scaling as
x2h. The dynamical saddle and its classical grade remain fixed at us = 1.

Sector-normalised primitive coefficient. Using Eq. (4), define

∆Γn,+(h |us) = − ln
Zn,+(h |us)
Zn,+(MP |us)

. (37)

The same reflected bra appears in both matrix elements, so its overall normalisation and phase
cancel. The ratio also removes all other factors independent of h, including finite local constants,
collective-coordinate volumes and source-independent determinants. Source-dependent quantum
terms remain and contribute to Am(h) or to the correction budget.

The leading primitive contribution is therefore

qWZ(h) = e−BsD+∆Γ1,+(h | 1) +O(e−2Bs). (38)

Here e−Bs grades the chosen gravitational sector, while the normalised cap ratio supplies its con-
nected matter response. The optional replica bookkeeping that isolates this coefficient from a multi-
sector series is given in Appendix A.

Reflection-point evaluation. Equation (29) gives

h2∗
M2

P

=
mp

MP
.

Combining the primitive sector weight, the cap curvature-charge response and the reflection point
gives the strict result. Equivalently, h2∗/M2

P = SdS(MP)/SdS(h∗).

Proposition 5 (Strict-channel compact response). For the primitive suppressed round-S4 sector,
the normalised one-cap curvature-charge response and the two-part matching hypothesis imply

qWZ = aeff(h∗)
h2∗
M2

P

e−24π2
+O(e−2Bs) +O

(
m2

i

h2∗

)
. (39)

At leading Standard Model order, aeff(h∗) = aSM = 1991/720, and

qWZ = aSM
mp

MP
e−24π2

= 2.856× 10−122. (40)
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Proof. The primitive thimble supplies e−Bs = e−24π2 . Theorem 1 and Eq. (32) give the one-cap Euler
functional. Proposition 4 gives its positive one-cap curvature-charge slope Am(h)h2/M2

P. Under the
two-part matching hypothesis, endpoint conjugacy supplies the reflection and reflection-even readout
fixes its plane, giving h2∗/M

2
P = mp/MP. Source-independent determinants and common phases have

already cancelled in Eq. (37).

12 Global-source completion

Dimensionless-source action. For a connected finite-volume representative define

⟨X⟩ =
∫
M

√
|g|X d4x∫

M

√
|g| d4x

.

The compact calculation supplies the rigid dimensionless number qWZ. We write the action directly
in terms of the rigid dimensionless charge qWZ, with the independent variables fixed before variation:

Sgs =

∫
M

[(
P2

2
R− Lm

)
⋆ 1 + Λb(F4 − ⋆1)− 8π(P2)2qWZF4

]
. (41)

Here P2 is rigid, with physical branch P2 = M2
P/(8π), F4 = dA3 is an auxiliary closed four-form in

a fixed nonzero cohomology class, and qWZ is held fixed under the rigid P2 variation. The coefficient
8π implements directly the convention qWZ = GΛ with G = (8πP2)−1. Its minus sign is the standard
Legendre pairing between the positive cap charge qWZ = e−BsD+∆Γ1,+ and its global source: the
Legendre functional contains minus source times conjugate charge. The coefficient and sign are fixed
at the action level by this source–charge convention. The action adds no local propagating degree
of freedom. It is of Henneaux–Teitelboim and manifestly local sequestering type [39, 40, 41].

Coefficient and ordering audit. Replace the coefficient 8π in Eq. (41) by a general dimensionless
constant c. The rigid variation then gives

⟨R⟩
4M2

P

=
c

8π
qWZ,

Λ

M2
P

=
c

8π
qWZ (Tµν = 0).

The compact charge is defined in the observable convention qWZ = GΛ, with G = (8πP2)−1; this
source–charge convention sets c = 8π. The sign is set by the Legendre orientation stated above. This
direct dimensionless action is not obtained by substituting a relation Q = M2

PqWZ into a different
action before variation, so the factor-of-two alternative belongs to a different source functional rather
than to an ordering ambiguity in Eq. (41).

Theorem 6 (Compact global-source completion). The variations of Eq. (41) imply

⟨R⟩
4M2

P

= qWZ, (42)

and

Gµν +M2
PqWZgµν =

8π

M2
P

(
Tµν −

1

4
⟨T ⟩gµν

)
. (43)

The local traceless projection is Eq. (17); constant shifts of the matter Lagrangian cancel exactly.
On a maximally symmetric vacuum,

Λ

M2
P

= qWZ. (44)
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Proof. Variation of Λb gives F4 = ⋆1. Variation of A3 gives d[Λb − 8π(P2)2qWZ] = 0, so Λb is
spacetime constant on a fixed branch. Varying y ≡ P2 at fixed qWZ gives

1

2

∫
M

R ⋆ 1− 16πyqWZ

∫
M

F4 = 0.

Using F4 = ⋆1 after variation yields

⟨R⟩ = 32πP2qWZ = 4M2
PqWZ,

which proves Eq. (42). Metric variation, with F4 metric independent off shell, gives

P2Gµν + Λbgµν = Tµν .

Averaging its trace and using the sum rule gives

Λb = 8π(P2)2qWZ +
1

4
⟨T ⟩.

Substitution and P2 = M2
P/(8π) yield Eq. (43). The traceless projection is Eq. (17); under Tµν 7→

Tµν − ρgµν the two terms in the parenthesis shift equally and cancel. For Tµν = 0 and Rµν = Λgµν ,
Eq. (44) follows.

Residual equation of state. On a fixed global-source branch, both qWZ and the global number
⟨T ⟩ are spacetime constants. Equation (43) can therefore be written

Gµν + Λresgµν =
8π

M2
P

Tµν , Λres ≡ M2
PqWZ +

2π

M2
P

⟨T ⟩. (45)

The residual term is exactly proportional to gµν and therefore obeys pres = −ρres, so wres = −1 at
finite redshift as well as asymptotically wherever it is identified with dark energy. This statement
follows from the proposed four-form completion, not from the compact anomaly extraction theorem.
It does not require ⟨T ⟩ = 0: the trace-average condition fixes the residual amplitude, not its equation
of state.

Specifying the coupling directly at action level removes any factor-of-two ordering ambiguity.
The independent variables are P2, Λb, F4, and the rigid dimensionless number qWZ; the variation
is performed at fixed qWZ. Substituting M2

P = 8πP2 only after variation is then an identity, not a
matching prescription. Reversing the sign of the last term would be a different Legendre orientation
and would contradict the definition of qWZ as the positive conjugate cap response.

On round S4 the local anomaly stress is homogeneous, TA
µν = Cgµν , and therefore cancels

exactly from Tµν − ⟨T ⟩gµν/4. The unwanted local H4 backreaction is not counted a second time.
Nonhomogeneous anomaly stresses and ordinary finite-wavelength matter excitations continue to
gravitate through Eq. (43), while the protected compact datum survives separately in qWZ.

From the compact theorem to the observed late-time branch. For a cosmology with a
matter history, local late-time vacuum does not by itself imply ⟨T ⟩ = 0. The direct observational
identification uses a regulated Lorentzian continuation on domains Mτ and assumes

⟨T ⟩reg ≡ lim
τ→∞

∫
Mτ

√
−g Tnonvac d

4x∫
Mτ

√
−g d4x

= 0. (46)
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This holds for a future-eternal asymptotically de Sitter branch whenever the integrated non-vacuum
trace grows more slowly than the four-volume, as for ordinary diluted matter of finite comoving
abundance; radiation is trace-free. Under Eq. (46), the asymptotic vacuum curvature obeys

Λ∞
M2

P

= qWZ. (47)

If the regulated average does not vanish, the completed equation instead gives Λ∞ = M2
PqWZ +

2π⟨T ⟩reg/M2
P. This shift is also spacetime constant, so it changes the amplitude of the residual

source but not its equation of state. Equation (46) is therefore an explicit amplitude condition used
in the numerical comparison, not a consequence of the compact Euclidean extraction theorem.

Corollary (asymptotic cosmological value). Combining the compact response Eq. (40) with
Eq. (47) gives

Λ∞
M2

P

= qWZ = aSM
mp

MP
e−24π2

= 2.856× 10−122. (48)

Explicitly,
Λ∞
M2

P

= 2.76528× 7.685× 10−20 × 1.344× 10−103 = 2.856× 10−122. (49)

The Planck 2018 flat-ΛCDM-inferred value is (Λ/M2
P)obs = (2.846±0.057)×10−122, a 0.4% difference

in central value. This comparison is conditional on the flat-ΛCDM inference. If the observed
acceleration is established as evolving, the quoted value is not a direct measurement of the asymptotic
constant Λ∞ predicted here. No parameter is fitted to the cosmological value once the stated
channel clauses, global-source action, and asymptotic condition are imposed. In inverted form,
ainf = 2.755± 0.055 against aSM = 2.76528.

13 Correction budget, predictions, and tests

The paired-cap ratio removes source-independent normalisations rather than setting them to unity.
The remaining corrections divide into matter-response corrections, ultraviolet changes to the prim-
itive action, higher primitive sectors, and robustness tests of the endpoint rule.

Interaction corrections to aSM. The field-count value aSM = 1991/720 is the leading fixed-
point result. Local-RG and interacting-ϕ4 calculations support strong suppression of the first phys-
ical Euler-coefficient correction in the examples presently controlled, but no complete curved-space
Standard Model result at h∗ is available (Sec. 5). The broader source-dependent cap determinant
can receive two-loop curved-background contributions of order g2/(16π2). At h∗ ≃ 3.4 × 109 GeV
the top Yukawa gives the largest simple estimate, y2t /(16π2) ≃ 0.2%; we retain ≲ 0.5% as a provi-
sional matter-response estimate, not a calculated uncertainty. A complete Standard Model two-loop
cap calculation would replace it. The interacting curved-space anomaly analysis of Fröb and Zahn
provides a relevant structural check [67].

Determinants, phases, and ultraviolet action corrections. Any factor independent of
the compensator cancels exactly in Eq. (37); this includes a common sphere phase and source-
independent metric/ghost determinants. This is an observable quotient, not a unit-prefactor
assumption. A determinant that depends on the compensator contributes to the response and is
included in the matter or gravitational-dressing correction. Higher-curvature operators can change
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Table 3: Correction and robustness budget. Source-independent normalisations and common phases
cancel by definition of the paired cap response; they are not fitted factors.

Source Size Status

Field-count value of aSM exact at free fixed point rational
Free-scalar sign and normalisation exact determinant checked
SM mass thresholds ≲ 3× 10−15 negligible
Interaction/source response ≲ 0.5% estimated
Source-independent determinants/phases cancel exact quotient
Higher primitive sectors O(e−24π2

) relative negligible barring enhancement
Higher-curvature shift of Bs not quantified ultraviolet test
Source-dependent gravitational dressing not quantified beyond matter-QFT truncation
Endpoint-rule relaxation ∼4% robustness test

Estimated matter-response envelope ≲ 0.5% estimated

the primitive action Bs itself. Because the exponential is sensitive to δBs, this is the principal
ultraviolet calculation still required; no numerical error is assigned before a UV completion is
specified. Higher primitive sectors are suppressed by at least another factor e−Bs unless their
coefficients grow exponentially.

Endpoint-scale sensitivity. The selected endpoint is the proton pole, selected by the trace-
charge, colour-singlet, zero-temperature and stability criteria. A nearby thermal diagnostic, 2πTc ≃
974 MeV [55], differs from mp by about 4% but fails the pole and stability criteria. The comparison
is therefore a robustness test of changing the endpoint rule, not an uncertainty within the proton
prescription.

Correction and robustness budget. The displayed uncertainty on ainf = 2.755 ± 0.055 is
observational, not a theoretical error bar. Within the stated Einstein–Hilbert paired-cap channel,
the leading result differs from the flat-ΛCDM central value by 0.4% (0.18σ). The ultraviolet action
test and the separate endpoint robustness test are not folded into that observational uncertainty.

Hadronic endpoint selection. The infrared endpoint of the zero-temperature sourced gravita-
tional functional must be a colour-singlet, RG-invariant physical pole mass that remains stable in
the full Standard Model and therefore carries the QCD trace anomaly into late-time macroscopic
physics. This criterion excludes ΛQCD (a scheme-dependent running parameter rather than a pole
mass), pions (pseudo-Goldstone and unstable), and the pure-Yang–Mills glueball scale (not a full-
Standard-Model asymptotic pole). The proton is the lightest stable hadronic pole meeting all of
these requirements [4]. Table 4 quantifies the numerical sensitivity once this selection criterion is
relaxed.

The hadron masses and stability assignments are rounded from the 2026 Review of Particle
Physics [4]; the crossover entry uses Ref. [55], and the 0++ pure-Yang–Mills proxy uses Ref. [56].

The proton is therefore the physically distinguished endpoint: it is the lightest stable hadronic
pole, survives to late cosmological times, and is the first asymptotic QCD state that can source
macroscopic gravity through a renormalised stress tensor. The neutron and η′ lie numerically close
to the strict result but fail the stability criterion; their inclusion makes explicit that numerical
proximity is not the endpoint rule. Table 4 quantifies the sensitivity around this selection; the
candidates are not equally eligible, since only the proton satisfies all three criteria.
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Table 4: IR endpoint candidates scored against the strict endpoint criteria. A candidate must be
a scheme-independent pole mass (P), stable in the full Standard Model (S), and a colour singlet
(C). Counterterm invariance motivates the physical-pole requirement; stability and colour-singlet
character are additional channel criteria. Only the proton satisfies all three; 2πTc is a thermal
crossover diagnostic rather than a pole mass (Sec. 10).

Candidate Mass (GeV) P S C Λpred/Λobs Dev.

mπ (pion) 0.140 ✓ × ✓ 0.150 −85%

Λ
(3)

MS
0.332 × n/a n/a 0.355 −64%

mρ (rho) 0.775 ✓ × ✓ 0.829 −17%
mp (proton) 0.938 ✓ ✓ ✓ 1.004 +0.4%
mn (neutron) 0.940 ✓ × ✓ 1.005 +0.5%
mη′ 0.958 ✓ × ✓ 1.025 +2.5%
2πTc 0.974 × n/a n/a 1.042 +4.2%
mYM

0++ ∼ 1.7 × n/a ✓ ∼ 1.82 +82%

13.1 Conditional particle-content dependence

Within the leading Einstein–Hilbert paired-cap truncation, the extracted anomaly coefficient makes
the predicted Λ depend directly on the active particle content. In the comparison between the
inferred coefficient ainf and the particle-counting value aSM, the former is fixed by the measured Λ,
while the latter moves with the active field content, so changes in that content can drive the two apart.
Table 5 gives representative weakly coupled free-field shifts. The anomaly coefficient is evaluated
at h∗ ≈ 3.4 × 109 GeV. In a physical decoupling scheme, a weakly coupled species with m ≪ h∗
approaches its standard free-field contribution, while a species with m ≫ h∗ is removed through
power-suppressed threshold functions [52]; strongly coupled sectors require a separate calculation.

The field-content test is therefore a test of the leading semiclassical matter-QFT channel. In
this channel the active coefficient is the matter type-A anomaly evaluated at h∗ ≈ 3.4 × 109 GeV,
with gravity retained at leading saddle order and metric fluctuation effects omitted. Weakly coupled
species below h∗ shift aeff(h∗) by their standard free-field coefficients, while species above h∗ decouple
from the compact matter determinant. A strongly coupled hidden sector, or a UV completion
in which metric fluctuations gravitationally dress the anomaly coefficient, would not be a small
correction inside the present calculation; it would define an enlarged channel with a different aeff ,
and the compact-residue comparison would then test that enlarged field content rather than the
minimal Standard Model value. The dependence is a conditional sensitivity rather than a standalone
BSM exclusion. Once source-dependent gravitational dressing and the higher-curvature correction
to the primitive action are controlled, agreement would disfavor additional active weakly coupled
matter below the evaluation scale. Source-independent determinant factors cannot compensate such
a shift because they cancel in the paired-cap response. This is analogous in spirit to effective-gravity
and high-scale SM-stability analyses that turn explicit field-content assumptions into conditional
constraints on beyond-Standard- Model sectors [79, 86].
A fourth generation (+8.3%) or low-energy supersymmetry (+18%) would shift the leading-channel
prediction substantially. They would be in strong tension with the observed Λ once the source-
dependent gravity and ultraviolet-action corrections are controlled below those shifts. The anomaly
coefficient is evaluated at h∗ ≈ 3.4× 109 GeV, so the active field content at that scale must still be
exactly the one entering the extraction theorem. One realisation is that any right-handed neutrinos
are heavy Majorana states with threshold above h∗ and therefore decouple from the effective action
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Table 5: Conditional effect of BSM particles on aSM in the leading Einstein–Hilbert paired-cap
channel. Interpreting the observed Λ via Eq. (1) gives an inferred window ainf = 2.755± 0.055 (i.e.
±2.0%) for the proton endpoint; relaxing the endpoint criterion gives a separate ∼ 4% robustness
envelope. These shifts become exclusions once source-dependent gravitational dressing and the
ultraviolet correction to the primitive action are controlled. a15 Weyl fermions per generation (see
the field-content table in Appendix B). b94 real scalars (sfermions + 2nd Higgs doublet) + 16 Weyl
(gauginos + Higgsinos).

Scenario ∆a amatter Shift

SM (baseline) n/a 2.765 n/a
+3 νR 33/720 2.811 +1.7%
+1 scalar 2/720 2.768 +0.1%
+1 gen.a 165/720 2.994 +8.3%
+MSSMb ≈364/720 ≈3.27 +18%

at the evaluation scale. In that case the active field content remains the Standard Model’s 45 Weyl
fermions. Conversely, confirmation of light Dirac neutrinos would shift aSM by +1.7%, using a large
fraction of the narrower proton-endpoint observational window and providing a potential test once
the endpoint, interaction, source-dependent gravity and ultraviolet-action corrections are controlled.

13.2 Predictions and tests

Dark-energy equation of state. The compact anomaly extraction theorem does not determine
an equation of state. The proposed four-form completion does: on any fixed branch, Eq. (45)
contains no dynamical dark-energy degree of freedom and predicts a spacetime-constant residual
source, pres = −ρres and hence w(z) = −1 (equivalently w0 = −1, wa = 0), at finite redshift as well
as asymptotically wherever that source is identified with the observed acceleration. Equation (46)
fixes its amplitude, not this equation of state.

DESI DR2 is well described by flat ΛCDM, but combinations with CMB and supernova data
show dataset-dependent 2.8–4.2σ preferences for the region w0 > −1, wa < 0; the full six-year
DES multi-probe analysis finds 2.3–3.2σ departures across its tested combinations [63, 64]. These
results are a material tension, but remain dependent on the datasets and the w0wa parameterisation.
Persistent cross-dataset and systematics-robust evidence for evolving dark energy across flexible
parametric and non-parametric reconstructions would falsify the proposed global-source completion
or the identification of the observed acceleration with its residual constant, while leaving the compact
extraction theorem intact.

Boundary-unit sensitivity. The selected channel fixes ub = 1 by the reduced-Planck energy-
density condition VΛ = M̄4

P, independently of the cosmological value. Because B = 24π2/ub, a
fractional shift δ of the exponent changes the central value by e−24π2δ; the ∼ 4% comparison window
corresponds to |δ| ≲ ln(1.04)/(24π2) ≈ 2 × 10−4. The numerical result is therefore a sharp test of
this exact boundary condition.

Field-content dependence. Once source-dependent gravitational dressing and the higher-
curvature correction to Bs are controlled below the relevant shift, active weakly coupled particles
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that alter aeff(h∗) without the corresponding change in Λ would exclude the minimal Standard
Model channel. Until then this remains a conditional sensitivity.

14 Discussion

14.1 Status and microscopic completion

The theorem layer and the cosmological completion should be kept distinct. The compact theorem
isolates the Euler coefficient and the local-gravity analysis shows why its ordinary metric stress
cannot generate a small curvature. The paired-cap construction then defines a scalar two-argument
observable: us labels the gravitational saddle and h labels an external trace source on that saddle. Its
one-cap curvature-charge derivative gives the hierarchy factor, conditional on the two-part matching
hypothesis of endpoint conjugacy and reflection-even readout.

The four-form action assigns the compact charge to the scalar curvature mode omitted by the
trace-free equation. Its variation cancels constant shifts of the matter Lagrangian and gives a fixed-
branch residual source with w = −1.

The remaining tests concern the physical completion: whether the quantum-gravity contour
contains the suppressed primitive thimble, whether its exact boundary is ub = 1, whether the Planck
and proton trace states are endpoint-conjugate, whether the compact charge is the reflection-even
local one-point coefficient, and whether the four-form action is the correct global completion. Higher-
curvature terms can shift the saddle action and source-dependent determinants can dress the cap
response. These effects are part of the correction budget.

The completed equation leaves local QCD dynamics active. Homogeneous constants cancel from
Tµν − ⟨T ⟩gµν/4, while transitions, interfaces and inhomogeneous stresses continue to gravitate. The
construction is therefore closest to trace-free gravity and local sequestering [68, 40, 41, 42, 83], but
supplies a specific compact candidate for the residual curvature datum.

14.2 Inequivalent readings of the compact channel

Four quantitative readings must be distinguished. The first three treat the matter scale as the
curvature modulus itself. The fourth is the paired-cap coefficient defined in Sec. 11. In the inverse-
curvature modulus x = M2

P/H
2, with B = 24π2, the corrected reduced measure is x−2aSM−1e−Bx dx.

(R1) Unbounded modulus integral, x ∈ (0,∞):

IR1 =
1

2

∫ ∞

0
x−2aSM−1e−Bx dx.

For aSM > 0 this diverges at x = 0, precisely the super-Planckian region excluded by the physical
domain. A value assigned by analytic continuation would be contour- and prescription-dependent
and is not an admissible compact observable.
(R2) Bounded-window integral, x ∈ [1, (MP/mp)

2]:

IR2 ≃
e−B

2B

[
1− 2aSM + 1

B
+O(B−2)

]
,

which is localised at the ultraviolet boundary and gives IR2 = 2.8 × 10−106, about 1016 times the
observed value.
(R0) On-saddle identification, h = Hs = MP:

q
(R0)
WZ = aSMe−24π2 ≃ 3.7× 10−103.
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Table 6: The four readings. R1, R2, and R0 identify the response with the curvature-modulus
family. R3 is the paired, sector-normalised cap coefficient.

Reading Weight Response location Λ/M2
P

R1: unbounded integral divergent excluded x = 0 endpoint inadmissible
R2: bounded window e−B/B UV boundary 2.8× 10−106

R0: on-saddle e−B h = MP ∼ 10−103

R3: paired cap e−B reflection plane 2.86× 10−122

This is the result if the external compensator scale is identified with a second name for the saddle
curvature. It is not the paired-cap observable: the insertion lies at the UV endpoint and is not fixed
under endpoint exchange.
(R3) Reflection-matched paired-cap coefficient:

q
(R3)
WZ = e−24π2

[
C+,0

dΓA,+

dC+

]
h=h∗

= aSM
mp

MP
e−24π2

.

Here the exponential grades the primitive UV thimble, while the matter factor is a separately defined,
sector-normalised cap response. The position h2∗ = mpMP is the fixed plane of endpoint-exchange
reflection.

The first three readings treat the matter scale as the curvature modulus. The paired-cap coef-
ficient is a different observable: it holds the primitive gravitational sector fixed and differentiates a
normalised matrix element with respect to an external trace source. This distinction is defined by
Eqs. (4)–(6), rather than by assigning two values to one modulus. Detailed source and evaluation-
point swap tests are collected in the technical appendix.

15 Conclusion

After finite local counterterms are quotiented out on conformally flat S4, the type-A anomaly co-
efficient is the unique nonvanishing scheme-independent datum in the local linear constant-Weyl
response. With Γ = − lnZ,

A[Γ] = −1

4
ΠH0

dΓ

d lnH
= a,

and the conformal-scalar determinant gives dΓ/d lnH = −1/90 = −4as. Ordinary metric variation
still produces an H4 stress and no small-curvature branch.

The compact channel is defined by the paired cap amplitude

Z+(h |us) = ⟨Ω−(us)|Uh|Ψ
(h)
+ (us)⟩,

its zero-source-normalised logarithm, and the one-cap curvature-charge derivative. The primitive
Planck-boundary saddle supplies e−24π2 . Under the two-part matching hypothesis of endpoint con-
jugacy and reflection-even readout, the insertion lies on the fixed plane h2∗ = mpMP, and the cap
response then gives h2∗/M

2
P = mp/MP. At leading Standard Model order,

qWZ = aSM
mp

MP
e−24π2

= 2.856× 10−122, aSM =
1991

720
.

The on-saddle and modulus-integral readings are distinct observables and do not reproduce this
scale.
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The normalised cap ratio removes source-independent determinant factors, zero-mode volumes,
finite local constants and common phases. Source-dependent quantum corrections and higher-
curvature changes to the primitive action remain calculable tests.

The proposed four-form action supplies the scalar-curvature equation,

⟨R⟩
4M2

P

= qWZ, Gµν +M2
PqWZgµν =

8π

M2
P

(
Tµν −

1

4
⟨T ⟩gµν

)
.

On a maximally symmetric vacuum, Λ/M2
P = qWZ. On a fixed branch the residual source is constant

and has w = −1. The regulated non-vacuum trace-average condition fixes the late-time amplitude,
not the equation of state.

Under that condition,
Λ∞
M2

P

= 2.856× 10−122.

The Planck 2018 flat-ΛCDM inference is (2.846±0.057)×10−122, so the central values differ by 0.4%
(0.18σ). This comparison is conditional on constant Λ; robust evidence for evolving dark energy
would challenge the global-source completion or its identification with the observed acceleration,
while leaving the compact extraction theorem intact.

The decisive open calculations are the ultraviolet derivation of the suppressed thimble and ex-
act boundary, the source-dependent gravitational dressing of the cap response, and microscopic
derivations of the two-part paired-cap matching and the global four-form source.
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A Sector normalisation and determinant audit

At fixed us, let Zn,+(h) denote the reduced scalar paired-cap matrix element defined in Eq. (4); the
corresponding full sector amplitude is Z full

n,+ = e−nB(us)Zn,+. Factor the reduced matrix element as

Zn,+(h) = Nn,+e
iϕn,+Ẑn,+(h), (50)

where Nn,+ includes the common overall normalisation of the reflected bra and ϕn,+ its common
phase; both are independent of the external compensator. The boundary functional of the bra
remains in Ẑn,+(h) and continues to define the conditional matrix element. The sector-resolved
connected difference is

∆Γn,+(h) = − ln
Zn,+(h)

Zn,+(MP)
= − ln

Ẑn,+(h)

Ẑn,+(MP)
. (51)
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Thus source-independent metric and ghost determinants, collective-coordinate Jacobians, zero-mode
volumes, finite local constants, cap-norm magnitudes and common phases cancel identically. Finite
R2 and Euler counterterms that evaluate to constants on the round cap disappear for the same
reason.

The marked functional is not the logarithm of an unnormalised sum over saddles. It is generated
by the replica-marked conditional functional

R+(α;h, ζ |us) =
∑
n≥1

ζne−nB(us)

[
Zn,+(h |us)
Zn,+(MP |us)

]α
, �mark

+ = − ∂αR+|α=0 . (52)

Taking [ζ]D+ therefore extracts the primitive classical action grade times its conditioned connected
response. An unknown relative partition-function normalisation or a common Polchinski-type phase
is not silently assigned the value one; it is quotient data and is absent from the marked observable
coupled to the global source. The selected damped contour fixes the positive classical grade, while
cap conjugation fixes the reality of the conditional matter response.

Three effects remain. A determinant that depends on the compensator contributes to D+∆Γ;
higher-curvature operators can change Bs; and additional marked sectors generate the explicit
O(e−2Bs) terms. These are physical corrections. Unnormalised gravity sphere partition functions
can indeed carry nontrivial prefactors and phases [48, 49, 87, 89, 92]; Eq. (51) states why those
source-independent quantities do not enter the connected cap response.

A.1 Detailed logical-status ledger

A.2 Source and evaluation-point audit

Let r ≡ mp/MP . The following swaps show the sensitivity of the selected response while keeping
the alternatives outside the main argument.

B Standard Model field content and anomaly coefficients

Table 9 lists the per-field a-anomaly coefficients and the Standard Model counting used in Eq. (13).
Hence

aSM =
8 + 495 + 1488

720
=

1991

720
. (53)

Common additions give, in units of 1/720: one real scalar +2, one Weyl fermion +11, one vec-
tor +124, three right-handed neutrinos +33, and one additional fermion generation +165. These
numbers are field-content changes to the compact Euler residue. Their conversion into exclusions
is conditional on the global-source action and on control of source-dependent gravitational dressing
and higher-curvature changes to the primitive action.

C Conformal zero-mode convergence and non-zero-mode stability

The round S4 has one conformal zero mode parametrising its overall scale. Write its radius as
a = eσ0ℓP. With the convention Γ = − lnZ fixed in Sec. 4, the Euler piece contributes +4aSMσ0 to
the Euclidean effective action. On the selected damped contour the reduced exponent is therefore

f(σ0) = Ce2σ0 + 4aSMσ0, C > 0, (54)

and the weight is e−f . Since
f ′(σ0) = 2Ce2σ0 + 4aSM > 0, (55)
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Table 7: Detailed status of the ingredients entering Eq. (1).
Ingredient Logical status Established in

Compact-S4 vacuum-energy
ambiguity

renormalisation fact; absolute vacuum energy is not
the compact observable

Sec. 3

Type-A datum aSM extraction theorem with free-scalar determinant sign
audit

Thm. 1

Ordinary local anomaly backreaction no-go result; gives an H4 stress and no small linear
branch

Prop. 2

Trace-free quotient projector unique representative-independent local projection Lemma 3
Primitive suppressed S4 sector selected decaying Lefschetz sector; opposite

orientation falsifies the channel
Sec. 9

Boundary unit ub = 1 exact reduced-Planck energy-density boundary
defining the strict channel

Sec. 9

Paired-cap object scalar matrix element; us is a thimble label and h an
external source

Sec. 11

Source response derived from the cap Euler response and the unique
surviving local charge through four derivatives

Prop. 4

Proton endpoint lightest stable QCD-generated colour-singlet
trace-charge standard under the stated rule

Secs. 8 and 10

Matching hypothesis endpoint conjugacy supplies the reflected interval; a
reflection-even readout places the insertion on its
fixed plane

Sec. 10

Matched scale unique reflection fixed plane, conditional on the
two-part matching hypothesis

Sec. 10

Finite determinants and common
phases

source-independent factors cancel; source-dependent
terms remain

Sec. 11

Compact global-source action gravity-side physical postulate in the rigid
dimensionless charge qWZ

Sec. 12

Completed field equations derived from the stated action-level normalisation Thm. 6
Residual equation of state w = −1 on a fixed global-source branch Eq. (43)
Late-time amplitude requires the regulated non-vacuum trace average to

vanish
Eq. (46)

Table 8: Source and evaluation-point swap test. Entries are ratios to the strict paired-cap response.
Replacement Response at h∗ q/qstrict

Einstein curvature charge, C+/C+,0 = xh Amr 1
Overall source factor cD+ cAmr c
Full-sphere logarithmic Weyl derivative Am r−1

Cap-volume coordinate, V/V0 = x2
h Amr2/2 r/2

Selected source at h = MP Am r−1

Selected source at arithmetic mean Am/4 +O(r) (4r)−1

Selected source at reflection plane Amr 1
Selected source at h = mp Amr2 r
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Table 9: Per-field a-coefficients and Standard Model field-content sum. Each generation contains 15
Weyl fermions: three leptonic Weyl fields and 12 colour-counted quark Weyl fields.

Field a 720a SM multiplicity contribution to 720aSM

Real scalar 1/360 2 4 8
Weyl fermion 11/720 11 45 495
Vector boson 31/180 124 12 1488

Standard Model total 1991

the exponent has no real stationary point. The zero-mode calculation therefore diagnoses the bound-
ary of the declared domain; it does not determine the Planck-curvature endpoint u = 1.

The strict sub-Planckian domain is a ≥ ℓP, or z = e2σ0 ≥ 1. The damped integral is

Idom(C) =
1

2

∫ ∞

1
z−2aSM−1e−Cz dz =

1

2
C2aSMΓ(−2aSM, C), C > 0. (56)

Its Lorentzian regulated form is

IL,dom(ϵ) =
1

2

∫ ∞

1
z−2aSM−1eiCz−ϵz dz =

1

2
(ϵ− iC)2aSMΓ(−2aSM, ϵ− iC), ϵ > 0. (57)

The lower endpoint is finite because it is z = 1; the contour deformation controls the large-z end.
Extending the integral to z = 0 gives the unbounded R1 reading and diverges for aSM > 0. Thus
the Standard Model does not pass a separate “anomaly integrability” test: the physical domain does
the endpoint regulation.

An unconditioned full-ray contour coefficient obtained by analytically continuing through z = 0
is not the marked-cap coefficient. It samples the excluded super-Planckian region, can carry a
contour-dependent phase and magnitude, and neither multiplies qWZ nor fixes its sign. The marked
charge instead differentiates the sector-normalised conditional cap functional of Eq. (37), in which
factors independent of the external compensator cancel before the response is taken.

At the Planck-curvature representative, the matter-anomaly correction to the classical action is
measured by

ε =
aSMκ2Λ

24π2

∣∣∣∣
κ2Λ=1

≃ 0.012. (58)

The small value controls only this matter correction; it does not control the full quantum-
gravitational expansion at Planck curvature. For nonconstant conformal modes, the anomaly-
induced action contains the fourth-order Paneitz operator. In the convention used here its kinetic
coefficient is proportional to a and has the stabilising sign for a > 0 [44, 66]. This is only a sign
test; it does not prove that every metric and ghost mode is perturbatively controlled.

The zero-mode integral also clarifies the readings discussed in Sec. 14.2. Extending an unbounded
modulus to x = 0 is divergent with the corrected determinant sign and enters the excluded super-
Planckian domain. Restricting the integral to x = M2

P/H
2 ≥ 1 produces the finite endpoint Laplace

expansion e−B/B and localises the response at the UV boundary. The R3 reading instead conditions
on the primitive marked sector and applies the one-cap curvature-charge response to an external
compensator on the fixed plane selected by the two-part matching hypothesis.
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D Supporting details for the endpoint and scale selection

D.1 Saddle modulus versus external compensator

The round gravitational saddle family has a curvature modulus Hs and invariant measure dHs/Hs.
The strict primitive sector fixes this modulus at the Planck-boundary representative us = 1. The
response variable h is different: it is the scale of the external Weyl compensator in the matter cap
functional,

ĝµν(h) =
M2

P

h2
gs,µν .

It is not integrated in the saddle measure. The compensator-induced transport Uh identifies the
sourced boundary space HΣ,xhγs with the fixed fiducial space HΣ,γs , with its anomalous Jacobian
retained in the matrix element. Together with Eq. (4), this makes Zn,+(h |us) a genuine two-
argument scalar matrix element rather than one modulus assigned two values.

D.2 Why confinement defines a distinct infrared boundary

Above confinement, elementary thresholds are crossed by perturbative matching and decoupling.
At confinement the appropriate degrees of freedom reorganise into colour singlets. The endpoint
standard is required to be (i) a scheme-independent physical pole, (ii) a colour singlet, and (iii)
stable in the full zero-temperature Standard Model. The proton is the lightest state satisfying all
three [4] and, by Eq. (31), directly carries a normalised energy–momentum trace charge. ΛQCD is
scheme dependent; 2πTc is a thermal crossover diagnostic [55]; pions and rho mesons are unstable;
and a quoted 0++ glueball mass is a pure-Yang–Mills proxy [56]. The endpoint rule does not assert
proton dominance of the vacuum trace spectral density.

D.3 Endpoint-conjugate reflection and the matched scale

With s = ln(h/mp) and L = ln(MP/mp), endpoint conjugacy identifies the two endpoint states
as Osterwalder–Schrader conjugates. The induced endpoint-exchange reflection acts as s 7→ L − s,
equivalently

I(h) = mpMP

h
.

The reflection-even local one-point coefficient lies on the unique fixed plane,

h2∗ = mpMP.

The same point also equalises the leading endpoint matching errors h2/M2
P and m2

p/h
2; this is a

consistency check rather than an additional selection rule.

D.4 Boundary localisation of the compact saddle family

For the separate gravitational family xs = M2
P/H

2
s ∈ [1,∞) with B(xs) = 24π2xs, any polynomially

bounded measure gives ∫ ∞

1
p(xs)e

−Bxs dxs =
p(1)e−B

B

[
1 +O(B−1)

]
. (59)

This derives endpoint dominance inside the declared sub-Planckian domain. It does not turn the
bounded integral into the marked cap coefficient: the former is R2, while the latter conditions on
the primitive sector and differentiates an external matter source.
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D.5 Alternative ultraviolet boundary conventions

The strict channel defines the gravitational validity boundary by the coupling appearing in the
Einstein–Hilbert action, ub = κ2Λ = 1. Equivalently, Λ = M̄2

P and VΛ = ΛM̄2
P = M̄4

P. This gives
B = 24π2. Other order-one criteria define different channels: GΛ = 1 gives B = 3π, unit sphere
radius in unreduced Planck lengths gives B ≃ π, and κ2Λ = 16π2 gives B = 3/2. They are not error
bars on the strict channel. They show that observation sharply tests its exact Planck-boundary
definition.

E Off-shell details of the dimensionless global-source action

The action used in the main text is

Sgs =

∫
M

[(
P2

2
R− Lm

)
⋆ 1 + Λb(F4 − ⋆1)− 8π(P2)2qWZF4

]
. (60)

The independent rigid variables are P2, Λb, and the fixed dimensionless compact charge qWZ. No
quantity proportional to P2 is introduced through a post-variation dictionary. Within its fixed
cohomology class, F4 = dA3 is varied as a differential form independent of the metric; F4 = ⋆1 is
imposed only after variation.

The variations give

δΛb : F4 = ⋆1, (61)

δA3 : d
[
Λb − 8π(P2)2qWZ

]
= 0, (62)

δP2 :
1

2

∫
M

R ⋆ 1− 16πP2qWZ

∫
M

F4 = 0, (63)

δgµν : P2Gµν + Λbgµν = Tµν . (64)

Using F4 = ⋆1 gives
⟨R⟩ = 32πP2qWZ = 4M2

PqWZ.

The averaged metric trace then gives

Λb = 8π(P2)2qWZ +
1

4
⟨T ⟩,

and eliminating Λb gives Eq. (43).
The coefficient 8π is fixed by the convention already used for the observable, qWZ ≡ GΛ with

G = (8πP2)−1. More generally, replacing 8π by α would give Λ/M2
P = (α/8π)qWZ in vacuum. Thus

the coefficient is not a post-variation ordering choice: it is the direct action-level implementation of
the stated dimensionless source normalisation. The action itself remains the gravity-side postulate.

For the regulated Lorentzian late-time average, pressureless matter has ρm ∝ a−3 on an asymp-
totically de Sitter branch, so ∫ t

a3Tmdt′ ∼ t,

∫ t

a3dt′ ∼ e3H∞t,

and their ratio vanishes. Radiation is trace-free, while a finite number of localised transitions grows
more slowly than the de Sitter four-volume. This is the sufficient condition used in Eq. (46); it is
not asserted for every recollapsing or finite-volume cosmology.
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